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The dynamic critical exponent z is studied in two different theoretical frameworks: one is the
effective theory of a time-dependent Ginzburg-Landau model, i.e., model A in the classification of
Hohenberg and Halperin, and the other is the microscopic finite-temperature field theory in the
imaginary time formalism. Taking an O(N) scalar model as an example and carrying out the
1/N expansion up to the next-to-leading order (NLO) in the one-particle-irreducible (1PI) and two-
particle-irreducible (2PI) effective actions, we compare the low-energy and low-momentum (infrared)
behavior of the two-point functions in the two theories. At the NLO of the 1PI 1/N expansion the
infrared behavior of the two-point functions in the effective and microscopic theories is very much
different from each other: it is dominated by the diffusive mode with, z = 2 + 4
3pi2
1
N
, in model A,
while in the microscopic theory it is dominated by the propagating mode with z = 1 − 16
3pi2
1
N
or
z = 2− 32
3pi2
1
N
depending on whether the kinematics is relativistic or nonrelativistic. In contrast, at
the NLO of the 2PI 1/N expansion, we find that the two theories become equivalent for describing
the infrared behavior of the two-point function in the sense that the self-consistent equation for the
two-point function, the Kadanoff-Baym equation, has exactly the same form both in the microscopic
and effective theories. At this point, the relativistic or nonrelativistic kinematics of the bare two
point function in the microscopic theory becomes irrelevant in the critical dynamics. This implies
that the diffusive mode with z = 2 +O(1/N) becomes dominant at low energies and momenta even
in the microscopic theory at the NLO of the 2PI 1/N expansion, though we do not explicitly solve
the Kadanoff-Baym equation. We also try to improve the estimate of the dynamic critical exponent
of model A given in the literature, at the NLO of the strict 1/N expansion. This calculation can
be regarded as an approximation to the 2PI NLO calculation of the dynamic critical exponent not
only in the effective theory but also in the microscopic theory. By incorporating the static 2PI
correlations into the two-point function we identify the infrared logarithmic term with respect to
energy or momentum in the 1/N NLO self-energy, from which we determine the critical exponent,
z. The obtained critical exponent is slightly smaller than the previous known result and its N
dependence is also milder than the previous one.
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2I. INTRODUCTION
Relaxation to the equilibrium state of a system at a critical point becomes extremely slow and shows a
universal behavior. Recently, such dynamic critical phenomena have been receiving much interests in various
fields of physics from condensed matter physics to cosmology [1–3]. The dynamic critical phenomena have
successfully been described by effective theories [1, 4–6], and have been classified into several subclasses
from the static universal classes according to the symmetries of the order parameters and whether there are
couplings to other conserved quantities or not [4]. In these effective theories diffusive motions are assumed
for the order parameters at the tree level and then nonlinear interactions among the order parameters are
included together with the interactions of the order parameters and the conserved quantities. In principle
both the effective and microscopic theories should describe critical phenomena equally well, if one can take
into account contributions relevant to dynamic critical phenomena in each theory. However, it is known, for
instance, that the 1/N expansion in the standard method of the one-particle-irreducible (1PI) effective action
leads to different results for the dynamic critical exponent in the effective and microscopic theories [7–12].
Thus, microscopic understandings of dynamic critical phenomena, in particular the generation of the diffusive
mode, have not been achieved and still remain a challenge [13–15].
The method of the two-particle-irreducible (2PI) effective action [16–18] has recently attracted much at-
tention [19–22]. In this method, self-energy corrections for the two-point function are first summed up and
then the expansion is carried out in terms of the full two-point function. This is in contrast to the standard
method of the 1PI effective action, where the expansion is in terms of the free two-point function. The method
of the 2PI effective action provides us with a way of systematic resummation of the perturbative expansion.
Therefore, as was suggested in Ref. [15], it is expected to take into account the secular effects of collisions
in the microscopic theory which are considered to be responsible for the diffusive behavior of the two-point
function at low energies and momenta.
According to the dynamic scaling hypothesis [23–26], the inverse of the retarded two-point function at the
critical point, G(p, p0)
−1, has the form
G(p, p0)
−1 = |p|2−ηg
(
p0
|p|z
)
, (1)
where η (z) is the static (dynamic) critical exponent and p0 (p) is the energy (momentum). This relation
implies that the mode energy scales with the momentum as p0 ∼ |p|z at the critical point.
For low p0 (p), G(p, p0)
−1 is analytic in p0 (p)
G(p, p0)
−1 =
{
a0|p|2−η + a1p0|p|2−η−z + a2p20|p|2−η−2z + · · · (low p0) ,
b1p
(2−η)/z
0 + b2|p|p(2−η−1)/z0 + · · · (low |p|) ,
(2)
which constrains the asymptotic behavior of the scaling function, g(x), to be
g(x) =
{
a0 + a1x+ a2x
2 + · · · (small x) ,
b1x
(2−η)/z + b2x(1−η)/z + · · · (large x) .
Therefore, while the static critical exponent, η, can be read off from G(p, 0)−1, the dynamic critical exponent,
z, can be obtained from either G(0, p0)
−1 or ∂G(p, p0)−1/∂p0|p0=0 together with the knowledge of η.
The purpose of the present paper is twofold. Firstly, we would like to clarify the relation between two
descriptions of the dynamic critical phenomena, i.e. in terms of the effective theory and in terms of the
microscopic theory, paying special attention to the diffusive mode. Thereby, we would like to resolve the
confusions sometimes seen in the literature. We employ a simple time-dependent Ginzburg-Landau (TDGL)
model [27] or model A in the classification of Ref. [4] for the effective theory and the imaginary-time formalism
of the field theory at finite temperature [28–31] for the microscopic theory. Taking an O(N) scalar model
as an example and carrying out the 1/N expansion up to the next-to-leading order (NLO) in the 1PI and
2PI effective actions, we compare the low-energy and low-momentum behavior of the response function in
the effective theory and of the retarded Green’s function in the microscopic theory. We show that two
descriptions are equivalent at the NLO of the 2PI 1/N expansion, i.e. the self-consistent equation for the two-
point function, the Kadanoff-Baym equation, is exactly the same in the effective and microscopic theories,
3while two descriptions are quite different at the NLO of the 1PI 1/N expansion. Secondly, we would like to
explore the possibility of improving the previous calculation [7] of the dynamic critical exponent at the NLO
of the 1/N expansion in model A. By incorporating the static 2PI correlations into the two-point function,
we identify the infrared logarithmic term with respect to energy or momentum, from which we determine the
critical exponent, z.
The outline of the present paper is as follows. In Sec. 2 we explain the minimal formalism of the effective
and microscopic theories. Sec. 3 is devoted to the critical exponents with the 1PI effective action. After we
review the calculation of the static critical exponent, the dynamic critical exponent in the effective theory
and also in the nonrelativistic field theory for comparison, we discuss the dynamic critical exponent in the
relativistic field theory. Then we move on to the critical exponents with the 2PI effective action in Sec. 4.
Again, after reviewing the calculation of the static critical exponent, we discuss the dynamic critical exponent.
In Sec. 5 we present the results of our calculation of the dynamic critical exponent, where we incorporate the
static 2PI correlations. We summarize the paper and provide some discussions in Sec. 6.
II. EFFECTIVE AND MICROSCOPIC THEORIES
As an example we consider a system in a d-dimensional space, which is in the symmetric (disordered) phase
of the O(N) symmetry with a scalar order parameter. In the present paper, some quantities, such as two-point
function or self-energy, appear both in the effective and microscopic theories. We express quantities with the
superscript E (M) in the effective (microscopic) theory, but without superscript → omit the superscripts in
the relation which holds both in the effective and microscopic theories.
In the TDGL theory, the Ginzburg-Landau Hamiltonian, HE , is given in terms of the order parameter
ϕa(x) (a = 1, ..., N) as
HE [ϕ] =
∫
ddx
[
1
2
∂iϕa(x)∂iϕa(x) +
rE
2
ϕa(x)ϕa(x) +
uE
4!N
(ϕa(x)ϕa(x))
2 − ha(x)ϕa(x)
]
, (3)
where ha(x) is the external field. Consider a process in which the system slightly out of equilibrium relaxes
to equilibrium. In the approximation we consider in the present paper (i.e., next-leading-order in the 1/N
expansion), it is sufficient to consider the dynamics of the order parameter since the coupling to an O(N)
charge appears only in the higher orders. We also assume that the coupling to the energy is unimportant.
Thus, the dynamics is categorized as model A. The time dependence of the order parameter for such a
relaxation process is described by the Langevin equation [27]
∂ϕa(x, t)
∂t
= −Γ0 δH
E [ϕ]
δϕa(x, t)
+ ζa(x, t). (4)
Γ0 is the relaxation constant and ζa(x, t) is the noise, whose average and correlation at temperature T are
assumed to be given respectively as
〈ζa(x, t)〉 = 0,
〈ζa(x, t)ζb(x′, t′)〉 = 2TΓ0δd(x− x′)δ(t− t′)δab.
The Fourier transformation of Eq. (4) yields
−ip0ϕa(p, p0) =− Γ0
[
(p2 + rE)ϕa(p, p0) +
uE
3!N
[ϕ3]a(p, p0)− ha(p, p0)
]
+ ζa(p, p0) ,
where1
1 In this paper we use the abbreviated notation
∫
k,k0
=
∫
d3k
(2pi)3
dk0
2pi
and
∫
k
=
∫
d3k
(2pi)3
.
4[ϕ3]a(p, p0) =
∫
q,q0
∫
k,k0
ϕa(p− q, p0 − q0)ϕb(q − k, q0 − k0)ϕb(k, k0).
The response function, GEab(p, p0), and the correlation function, C
E
ab(p, p0), are respectively defined by
GEab(p, p0) = lim
h→0
〈ϕa(p, p0)〉h − 〈ϕa(p, p0)〉h=0
hb(p, p0)
,
CEab(p, p0) =
∫
dtddxei(p0t−p·x)〈ϕa(x, t)ϕb(0, 0)〉h=0,
where 〈· · · 〉h denotes the average over the noise with the presence of the external field, h. They satisfy the
following relation (fluctuation-dissipation theorem)
CEab(p, p0) =
2T
p0
ImGEab(p, p0).
In the imaginary-time formalism of finite temperature field theory [28–31], the Hamiltonian of the relativistic
theory is given in terms of the microscopic field, ϕˆa(x, t), and its conjugate momentum, pˆia(x, t), as
HˆM [ϕ] =
∫
ddx
[
1
2
pˆia(x, t)pˆia(x, t) +
1
2
∂iϕˆa(x, t)∂iϕˆa(x, t) +
rM
2
ϕˆa(x, t)ϕˆa(x, t) +
uM
4!N
(ϕˆa(x, t)ϕˆa(x, t))
2
]
.
(5)
(The Hamiltonian of the nonrelativistic theory is given similarly, e.g. [29].) The effective Hamiltonian, Eq. (3),
is of the same form as the microscopic Hamiltonian, Eq. (5), except for the kinetic energy term and the term
with the external filed. If the former is regarded to be derived from the latter by some coarse graining
or renormalization procedures, the terms of the former should include contributions of fluctuations of high
frequency modes of the latter. Therefore, in general the parameters of the former, rE and uE , are different
from those of the latter, rM and uM , which is the reason we distinguish them. The imaginary-time Green’s
function is defined by
GMab(p, iωn) =
∫ β
0
dτ
∫
ddx ei(ωnτ−p·x)Tr
{
e−βHˆ
M
[θ(τ)ϕˆa(x,−iτ)ϕˆb(0, 0) + θ(−τ)ϕˆb(0, 0)ϕˆa(x,−iτ)]
}
,
where ωn is the Matsubara frequency [28] and Tr represents the sum over a complete set of states in the
Hilbert space. Then, the real-time retarded Green’s function,
GMab(p, p0) =
∫ ∞
−∞
dt
∫
ddx ei(p0t−p·x)Tr
{
e−βHˆ
M
θ(t) [ϕˆa(x, t)ϕˆb(0, 0)− ϕˆb(0, 0)ϕˆa(x, t)]
}
,
is obtained by the analytic continuation of the imaginary-time Green’s function as iωn → p0 + i at the end
of the calculation.
III. 1PI 1/N EXPANSION IN EFFECTIVE AND MICROSCOPIC THEORIES
Consider the Schwinger-Dyson equation in the effective and microscopic theories,
G(p, p0)
−1 = G0(p, p0)−1 + Σ(p, p0). (6)
G(p, p0) and G0(p, p0) are respectively the full and bare two-point functions, i.e. response (retarded Green’s)
functions in the effective (microscopic) theory, and Σ(p, p0) is the self-energy. G0(p, p0)
−1 is given in the
effective theory as
GE0 (p, p0)
−1 = p2 − ip0Γ−10 , (7)
5while in the microscopic theory as
GM0 (p, p0)
−1 =
 p
2
2M
− p0 (nonrelativistic)
p2 − p20 (relativistic)
(8)
at the critical point. 2 The dispersion relation is given by p0 = −iΓ0p2 in the effective theory and by p20 = p2
(p0 =
p2
2M ) in the relativistic (nonrelativistic) microscopic theory. The former is called the diffusive mode and
the latter the propagating mode.
In both theories the self-energy is given in the 1/N expansion as
Σ(p, p0) = ΣLO(p, p0) + ΣNLO(p, p0) + · · ·
= + + · · · ,
where the external lines are amputated, ΣLO(p, p0) and ΣNLO(p, p0) are respectively the self-energies at the
leading order (LO) and the NLO of the 1/N expansion (ΣLO(p, p0) = O(1) and ΣNLO(p, p0) = O(1/N)), and
the dashed line denotes the sum of bubble diagrams
= + · · ·+ + · · · .
As can be seen in the above, bubble diagrams appear in the calculation of the NLO self-energy. In Appendix A
we derive the expressions for general bubble diagrams in the effective and microscopic theories, which will be
used below.
We define the function f(p0) by
fE(p0) =
T
p0
,
fM (p0) =
1
exp(p0/T )− 1 ,
where fM (p0) coincides with the Bose distribution function when p0 > 0. In terms of f(p0) we can write
ΣLO(p, p0) and ΣNLO(p, p0) in the same form as
ΣLO(p, p0) = (vacuum term) +
u
6
∫
q,q0
f(q0)ImG0(q, q0) (9)
and
ΣNLO(p, p0) =
u
3N
∫
q,q0
{G0(p− q, p0 − q0)f(q0)ImD0(q, q0)
−f(q0 − p0)ImG0(p− q, p0 − q0)D0(q, q0)} ,
where
D0(p, p0) =
1
1 +
u
6
Π0(p, p0)
(10)
2 The term in the self energy, which does not depend on the energy and the momentum but depends on the temperature, is taken
into account as the temperature-dependent mass in the bare two-point function. This temperature dependent mass vanishes
at the critical point.
6and
Π0(p, p0) = 2
∫
q,q0
G0(p− q, p0 − q0) (f(q0)− f(−q0)) ImG0(q, q0). (11)
In Eq. (9) the vacuum term exists only in the microscopic theory. Also, ΣLO(p, p0) does not depend on p and
p0, which will be simply written as ΣLO hereafter.
As far as the critical behavior is concerned, fM (p0) = [exp(p0/T )− 1]−1 in the microscopic theory can be
replaced by its high temperature expansion, fM (p0) ∼ T/p0 (= fE(p0)), which will be used from now on.
The vacuum term in ΣMLO is also irrelevant since it is renormalized into the mass. Then, the only difference
in the effective and microscopic theories is in the form of the bare two-point function, G0(p, p0).
As is shown in Appendix B, one can separate the static and dynamic parts of ΣNLO(p, p0) as
ΣNLO(p, p0) =
uT
3N
∫
q
G0(p− q, 0)D0(q, 0)
− 2uT
3N
p0
∫
q,q0
ImG0(p− q, p0 − q0) 1
q0(p0 − q0) {D0(q, 0)−D0(q, q0)}
≡ ΣNLO(p, 0) + ∆ΣNLO(p, p0) (12)
and similarly of Π0(p, p0) as
Π0(p, p0) = T
∫
q
G0(p− q, 0)G0(q, 0)
− 2Tp0
∫
q,q0
ImG0(p− q, p0 − q0) 1
q0(p0 − q0) {G0(q, 0)−G0(q, q0)}
≡ Π0(p, 0) + ∆Π0(p, p0). (13)
Clearly, ΣNLO(p, 0) coincides with that of the static theory if uT is replaced by ustatic.
A. Static critical exponent
The static part of the Schwinger-Dyson equation, Eq. (6), reads
G(p, 0)−1 = G0(p, 0)−1 + Σ(p, 0).
As is seen in Eqs. (7) and (8), G0(p, 0)
−1 is the same in the effective and microscopic theories, G0(p, 0)−1 = p2.
(In the nonrelativistic microscopic theory GM0 (p, 0)
−1 = p2/2M but the factor 1/2M can be trivially rescaled.)
Thus, the effective and microscopic theories have exactly the same static part.
At the critical point G(p, 0)−1 has the form with a scale Λ,
G(p, 0)−1 = Λη|p|2−η
= p2 − ηp2 log(|p|/Λ) +O(η2).
In Ref. [32] it was shown that the static self-energy at the NLO of the 1/N expansion, ΣNLO(p, 0), behaves
for low momentum, |p|, in the d-dimensional space as
[ΣNLO(p, 0)]log |p| = −4
(
4
d
− 1
)
sinpi( 12d− 1)
pi( 12d− 1)B( 12d− 1, 12d− 1)
1
N
p2 log |p|,
where B(a, b) is the Beta function. Then, the static critical exponent, η, is obtained as
η = [ΣNLO(p, 0)]log |p| = −4
(
4
d
− 1
)
sinpi( 12d− 1)
pi( 12d− 1)B( 12d− 1, 12d− 1)
1
N
.
7In particular for d = 3, this becomes
η =
8
3pi2
1
N
.
This result is common for the effective and microscopic theories and irrespective of whether the system is non-
relativistic or relativistic. Also, the result is independent of the coupling constant, which can be understood
as universality is realized by summing over terms of different orders of the coupling constant, u, but with the
same order of N [5].
B. Dynamic critical exponent
In the TDGL theory [5, 6, 27], the bare response function is given by Eq. (7), which describes the diffusive
mode. This means z = 2 at the tree level.
If one takes p = 0, the Schwinger-Dyson equation, Eq. (6), becomes
GE(0, p0)
−1 = GE0 (0, p0)
−1 + ΣE(0, p0) = −iΓ−10 p0 + ΣE(0, p0).
At the critical point, we introduce the anomalous dimension λ as a deviation from the power of p0 in
GE0 (0, p0)
−1. Since in the effective theory there is no distinction due to the kinematics, either relativistic
or nonrelativistic, (see Eq. (7)), one finds
GE(0, p0)
−1 = −iΓ−10 Λλp1−λ0 = −iΓ−10 {p0 − λp0 log(p0/Λ)}+O(λ2).
Then the dynamic critical exponent, z, is obtained from λ and the static critical exponents, η, as z =
(2− η)/(1− λ) (see Eq. (2)).
At the NLO of the 1/N expansion, λ is extracted from the dynamic part of the self-energy, as η is from the
static part,
[∆ΣENLO(0, p0)]log p0 = iΓ
−1
0 λp0 log p0.
In Ref. [7] λ was obtained as
λ =
1
B(2− d2 , d2 )
{
1∫ 1/2
0
dx[x(2− x)]d/2−2
− 11
2B(
1
2d− 1, 12d− 1)
}
1
N
=
1
4
d
4− d
{
B( 12d− 1, 12d− 1)∫ 1/2
0
dx[x(2− x)]d/2−2
− 2
}
η.
Then, z is obtained as
z =
2− η
1− λ = 2− η + 2λ = 2 + cη,
where
c =
4
4− d
{
dB( 12d− 1, 12d− 1)
8
∫ 1/2
0
dx[x(2− x)]d/2−2
− 1
}
and O
(
1/N2
)
terms are neglected. The same result was obtained also in Ref. [8]. In particular for d = 3,
these become
λ =
2
pi2
1
N
, z =
2− η
1− λ =
2− 83pi2 1N
1− 2pi2 1N
= 2 +
4
3pi2
1
N
, c =
1
2
.
In the finite-temperature field theory the bare retarded Green’s function is given by Eq. (8) which describes
the propagating mode. This means z = 2 for the nonrelativistic theory while z = 1 for the relativistic theory
at the tree level.
8Similarly as discussed in the effective theory, we again define the anomalous dimension λ as a deviation
from the power in p0 of G
M
0 (0, p0)
−1. This time, we need to distinguish relativistic and non-relativistic cases
(see Eq. (8)). Therefore, at the critical point GM (0, p0)
−1 has the form
GM (0, p0)
−1 =
{
−Λλp1−λ0 = −p0 + p0λ log(p0/Λ) +O(λ2) (nonrelativistic)
−Λλp2−λ0 = −p20 + p20λ log(p0/Λ) +O(λ2) (relativistic)
.
In the nonrelativistic theory the dynamic critical exponent is obtained at the NLO of the 1/N expansion by
Kondor and Sze´pfalusy [9], by Abe, Hikami [10, 11] and by Suzuki and Tanaka [12]. The obtained dynamic
critical exponent, z, depends on the space dimension, d, in a rather complicated way. Here, we concentrate
on the case, d = 3. Then, ∆ΣNLO(0, p0) has a real logarithmic term
[∆ΣMNLO(0, p0)]log p0 = −
4
pi2
1
N
p0 log p0 (p0 > 0)
and neglecting O(1/N2) terms, we find
z =
2− η
1− λ =
2− 83pi2 1N
1 + 4pi2
1
N
= 2− 32
3pi2
1
N
.
In the relativistic theory, we calculated the self-energy, ∆ΣMNLO(0, p0) at the NLO of the 1/N expansion.
The details of the calculation are shown in Appendix C. We found a real logarithmic term
[∆ΣMNLO(0, p0)]log p0 = −
8
pi2
1
N
p20 log p0 (p0 > 0)
and neglecting O(1/N2) terms, we obtain
z =
2− η
2− λ =
2− 83pi2 1N
2 + 8pi2
1
N
= 1− 16
3pi2
1
N
.
It is interesting that in the relativistic theory both the LO and NLO contributions to z are twice as large as
those in the nonrelativistic theory.3
It should be noted that in the effective theory the obtained z is for the imaginary diffusive mode, while it
is for the real propagating mode in the microscopic theory at the NLO of the 1/N expansion. If the diffusive
mode were dynamically generated in the microscopic theory, it would have the critical exponent, z ∼ 2, and
dominate over the propagating mode at low energies and momenta. Therefore, it is important if and how the
diffusive mode is generated in the microscopic theory.4 As is shown in Appendix C, the imaginary part of the
NLO self-energy, ImΣMNLO(0, p0), behaves as
ImΣMNLO(0, p0) ∝
1
N
p20
1
log p0
(p0 > 0),
which is smaller than the real part. Thus, at the NLO of the 1/N expansion the imaginary part of the
self-energy exists, but it is not sufficiently large at low energies and momenta to generate the diffusive mode.
IV. 2PI 1/N EXPANSION IN EFFECTIVE AND MICROSCOPIC THEORIES
In the method of the 2PI effective action, self-energy corrections for the two-point function are first summed
up and then the expansion is carried out in terms of the full two-point function, G. Then, the self-energy is
given as a functional of G and the Schwinger-Dyson equation, Eq. (6), is formally changed to
G(p, p0)
−1 = G0(p, p0)−1 + Σ[G](p, p0). (14)
3 The same results were obtained by J. Berges and his collaborator. We would like to thank J. Berges for informing us about
their results.
4 In Ref. [15] if the diffusive mode appears at the NLO of the 1/N 1PI and 2PI in the two-point function was studied.
9This equation is regarded as a self-consistent equation for the full two-point function, G, and is called the
Kadanoff-Baym equation [33–35]. It is written in the 2PI 1/N expansion up to the NLO as
G(p, p0)
−1 = G0(p, p0)−1 + ΣLO[G] + ΣNLO[G](p, p0), (15)
in which ΣLO[G] and ΣNLO[G] are given by Eqs. (9) and (12), respectively, but with the bare two-point
function, G0, replaced by the full two-point function, G. At the critical point the inverse of the bare and full
two-point functions at zero energy and momentum vanish, i.e. G0(p = 0, p0 = 0)
−1 = G(p = 0, p0 = 0)−1 = 0.
Using these and subtracting from Eq. (14) the same expression for zero energy and momentum we can write
G(p, p0)
−1 = G0(p, p0)−1 + {ΣNLO[G](p, p0)− ΣNLO[G](0, 0)} .
The static and dynamic parts of this equation, respectively, become
G(p, 0)−1 = G0(p, 0)−1 + {ΣNLO[G](p, 0)− ΣNLO[G](0, 0)} (16)
and
∆G(p, p0)
−1 = ∆G0(p, p0)−1 + ∆ΣNLO[G](p, p0), (17)
where G(p, p0)
−1 = G(p, 0)−1 + ∆G(p, p0)−1 and G0(p, p0)−1 = G0(p, 0)−1 + ∆G0(p, p0)−1.
A. Static critical exponent
Substituting Eq. (12) and then (10) into Eq. (16), the static part becomes
G(p, 0)−1 = G0(p, 0)−1 +
uT
3N
∫
q
[G(p− q, 0)−G(−q, 0)]D(q, 0)
= G0(p, 0)
−1 +
uT
3N
∫
q
[G(p− q, 0)−G(−q, 0)]
[
1 +
uT
6
∫
k
G(q − k, 0)G(k, 0)
]−1
.
This equation involves only the static part of the two-point function, G(p, 0)−1, and coincides with that of
Ref. [20] when one makes the replacement uT → ustatic and G(p, 0) → Gstatic(p) and notices G0(p, 0)−1 =
p2. One determines the static critical exponent η by comparing the leading terms of the left and right
hand side of this equation for low momentum where
[
1 + uT6
∫
k
G(q − k, 0)G(k, 0)]−1 can be replaced by
6
uT
[∫
k
G(q − k, 0)G(k, 0)]−1. If η > 0 and G(p, 0)−1 ∝ |p|2−η, the term, G0(p, 0)−1 = p2, is subleading and
one has
G(p, 0)−1 =
2
N
∫
q
[G(p− q, 0)−G(−q, 0)]
[∫
k
G(q − k, 0)G(k, 0)
]−1
+ (subleading terms). (18)
This is the static part of the Kadanoff-Baym equation at the critical point. This equation is universal in the
sense that it is independent of the coupling constant u and the temperature. By substituting G(p, 0)−1 ∝
|p|2−η into this equation and comparing the coefficients of the leading terms, one has
η =
4
N
(
4− d− 2η
2− η
)
Γ(1 + 12η)Γ(1− 12η)Γ(2− η)Γ(d+ η − 2)
Γ(η + 12d− 1)Γ(1 + 12d− 12η)Γ(2− η − 12d)Γ( 12d+ 12η − 1)
, (19)
whose solution is the static critical exponent, η, at the NLO 2PI 1/N expansion [19, 20].
Figure 1 shows the resulting η for d = 3, where the result of the NLO 1PI 1/N expansion is also shown for
comparison.
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FIG. 1: Static critical exponent η vs. N for d = 3. The solid curve is the result of the NLO 2PI 1/N expansion [19, 20]
and the dashed curve is that of the 1PI 1/N expansion [7, 8], η = 8
3pi2
1
N
.
B. Dynamic critical exponent
As we have noticed in Sec. 3, the NLO self-energy is exactly the same in the effective and microscopic
theories, which is a functional of the response function in the former and of the retarded Green’s function
in the latter. Then, the dynamic part of the Kadanoff-Baym equations in the two theories are different only
in the first term of the right-hand-side of Eq. (17), ∆G0(p, p0)
−1, which is −ip0Γ−10 in the effective theory
and −p20 (−p0) in the relativistic (nonrelativistic) microscopic theory. If the Kadanoff-Baym equation in
the effective theory has a nontrivial scaling solution at low energies and momenta with z = 2 + O(1/N),
as we expect, ∆GE0 (p, p0)
−1(= −ip0Γ−10 ) will become subleading in Eq. (17). Then, also in the relativistic
(nonrelativistic) microscopic theory ∆GM0 (p, p0)
−1(= −p20 (−p0)) will become subleading and the Kadanoff-
Baym equation should have the same solution as in the effective theory. Namely, effective and microscopic
theories are equivalent in the NLO 2PI 1/N expansion as far as the critical behavior is concerned. It should be
also noted whether the microscopic theory is relativistic or nonrelativistic is irrelevant as well for the scaling
solution in the NLO 2PI 1/N expansion. This is in clear contrast to the NLO 1PI 1/N expansion where the
modes of the two theories at low energies and momenta are very much different as we have seen.
Then, the dynamic part of the Kadanoff-Baym equation becomes
∆G(p, p0)
−1 = −2uT
3N
p0
∫
q,q0
ImG(p− q, p0 − q0) 1
q0(p0 − q0) {D(q, 0)−D(q, q0)}
= −4T
N
p0
∫
q,q0
ImG(p− q, p0 − q0) 1
q0(p0 − q0)
{
Π(q, 0)−1 −Π(q, q0)−1
}
where D(q, q0) =
[
1 + u6Π(q, q0)
]−1
is replaced by 6uΠ(q, q0)
−1 for low energies and momenta. By substituting
Eqs. (11) and (13) into the above we finally obtain the dynamic part of the Kadanoff-Baym equation at the
critical point,
∆G(p, p0)
−1 = − 4
N
p0
∫
q,q0
ImG(p− q, p0 − q0) 1
q0(p0 − q0)
×
{[∫
k
G(q − k, 0)G(k, 0)
]−1
−
[
4
∫
k,k0
G(q − k, q0 − k0) 1
k0
ImG(k, k0)
]−1}
+ (subleading terms). (20)
Just like the static part, this equation is independent of the coupling constant and the critical temperature,
i.e. universality holds. In contrast to the static part, however, this equation involves both the dynamic and
static parts of the two-point function, ∆G(p, p0)
−1 and G(p, 0)−1.
The observation that effective and microscopic theories are equivalent in the NLO 2PI 1/N expansion and
Eq. (20) is one of the main results of the present paper. While only the static critical exponent, η, has to be
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determined to solve the static part of the Kadanoff-Baym equation, the scaling function, g in Eq. (1), has to
be determined in addition to the dynamic critical exponent, z, to solve the dynamic part. This makes it far
more difficult to determine the dynamic scaling behavior than the static one. We are now trying to solve the
dynamic part of the Kadanoff-Baym equation and hope to report the results in a near future.
V. IMPROVEMENT OF THE CALCULATION OF DYNAMIC CRITICAL EXPONENT
Now we try to improve the 1PI NLO calculation of the dynamic critical exponent in model A [7, 8].
Though we perform the actual calculation based on the effective theory, the calculation can be regarded as an
approximation to the 2PI NLO calculation not only in the effective theory but also in the microscopic theory,
since the effective and microscopic theories are equivalent in the NLO 2PI 1/N expansion. Our strategy is as
follows: Starting from the bare two-point function in the effective theory, GE0 (p, p0)
−1 = p2− iΓ−10 p0. we first
dress the two-point function only with the static self-energy which is obtained in the 2PI NLO calculation
to satisfy the static scaling behavior at low momentum. Then, using this dressed two-point function with
the bare dynamic part, −iΓ−10 p0, as the modified “bare” propagator in the Schwinger-Dyson equation, we
evaluate the infrared logarithmic term in p0 and p in the dynamic part of the self-energy, from which we read
off the dynamic critical exponent, z. Thus, the difference of our approach from that of Ref. [7, 8] lies in the
inclusion of the static 2PI correlations in the evaluation of the dynamic part.
Consider the Schwinger-Dyson equation,
G(p, p0)
−1 = G0(p, p0)−1 + Σ(p, p0).
Separating the self-energy into the static and dynamic parts, Σ(p, p0) = Σ(p, 0) + ∆Σ(p, p0), and combining
the inverse of the bare response function and the static part of the self-energy, we rewrite the Schwinger-Dyson
equation as
G(p, p0)
−1 = G˜0(p, p0)−1 + ∆Σ(p, p0)
where
G˜0(p, p0)
−1 = G0(p, p0)−1 + Σ(p, 0) = G(p, 0)−1 − iΓ−10 p0. (21)
Namely, the bare response function, G0, is replaced by G˜0, whose static part is that of the full response
function but dynamic part is the bare response function. This means z = 2 − η at the tree level since
G−1(p, 0) = Λη|p|2−η.
Then we extract the log p0 term from the self-energy at zero momentum as in Ref. [7, 8].
∆ΣNLO(0, p0) = −4T
N
p0
∫
q,q0
ImG˜0(q, p0 − q0) 1
q0(p0 − q0)
{
Π˜0(q, 0)
−1 − Π˜0(q, q0)−1
}
. (22)
By substituting Eq. (21) into Eq. (22) we obtain
∆ΣNLO(0, p0) = −2T
N
p0
∫
q
1
p0 + iγ(q)
G(q, 0)
{
Π˜0(q, 0)
−1 − Π˜0(q, p0 + iγ(q))−1
}
, (23)
where G(q, 0) = Λ−η|q|η−2, γ(q) = Γ0G(q, 0)−1 = Γ0Λη|q|2−η and
Π˜0(q, p0) = T
∫
k
G(k, 0)G(q − k, 0) γ(k) + γ(q − k)
γ(k) + γ(q − k)− ip0 .
In Eq. (23), Π˜0(q, 0) and Π˜0(q, p0 + iγ(q)) for low p0 can be evaluated as
Π˜0(q, 0) = T
∫
k
G(k, 0)G(q − k, 0)
= TΛ−2η|q|2η−4+dAd(η), (24)
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Π˜0(q, p0 + iγ(q)) = T
∫
k
G(k, 0)G(q − k, 0) γ(k) + γ(q − k)
γ(k) + γ(q − k) + γ(q)− ip0
= TΛ−2η|q|2η−4+dBd(η)
(
1 +O
(
p0
Γ0Ληq2−η
))
, (25)
where
Ad(η) =
∫
kˆ
|kˆ|η−2|1ˆ− kˆ|η−2 = 1
(4pi)d/2
Γ(2− η − 12d)[Γ( 12d+ 12η − 1)]2
Γ(d+ η − 2)[Γ(1− 12η)]2
,
Bd(η) =
∫
kˆ
|kˆ|η−2 + |1ˆ− kˆ|η−2
1 + |kˆ|2−η + |1ˆ− kˆ|2−η ,
and 1ˆ = q/|q| and kˆ = k/|q|.
Substituting Eqs. (24) and (25) into Eq. (23) we obtain
∆ΣNLO(0, p0) =− 2T
N
p0
∫
q
1
p0 + iγ(q)
G(q, 0)
{
Π˜0(q, 0)
−1 − Π˜0(q, p0 + iγ(q))−1
}
=− 2T
N
p0
∫
q
1
p0 + iΓ0Λη|q|2−ηΛ
−η|q|η−2
×
{(
TΛ−2η|q|2η−4+dAd(η)
)−1 − (TΛ−2η|q|2η−4+dBd(η)(1 +O( p0
Γ0Λη|q|2−η
)))−1}
=i
2
N
Γ−10 p0
∫
q
|q|2−η−d
|q|2−η − iΓ−10 Λ−ηp0
(
Ad(η)−1 − Bd(η)−1
(
1 +O
(
p0
Γ0Λη|q|2−η
)))
.
From this we can extract the log p0 term in ∆ΣNLO(0, p0) as
[∆ΣNLO(0, p0)]log p0 =i
2
N
(Ad(η)−1 − Bd(η)−1)Γ−10 p0 [ Sd(2pi)d
∫
d|q| |q|
1−η
|q|2−η − iCΓ−10 Λ−ηp0
]
log p0
=i
(Bd(η)−1 −Ad(η)−1) Sd
(2pi)d
1
N
Γ−10 p0 log p0
=iλΓ−10 p0 log p0, (26)
where
λ =
(Bd(η)−1 −Ad(η)−1) Sd
(2pi)d
1
N
and Sd is the surface area of the (d − 1)-dimensional unit sphere, Sd = 2pid/2/Γ(d/2). In Eq. (26), C is a
non-vanishing constant whose value is irrelevant for the calculation of the log p0 term. Then, z is obtained as
z =
2− η
1− λ =
2− η
1− (Bd(η)−1 −Ad(η)−1) Sd(2pi)d 1N
, (27)
where η is the result of the NLO 2PI 1/N expansion, i.e. the solution of Eq. (19).
Equation (27) is another main result of the present paper. If one takes η = 0 in the denominator, which
amounts to using the free static response function, Ad(0) = 1/8 and Bd(0) = 1/12, but if one substitutes the
result of the NLO 1PI 1/N expansion, η = 83pi2
1
N in the numerator, the result of Ref. [7, 8], z = 2 +
4
3pi2
1
N , is
reproduced.
Figure 2 shows the obtained result, z, as a function of N for d = 3. The result of the NLO 1/N expansion
in the effective theory, model A, [7, 8] is also shown there. One sees that our result approaches that of the
strict 1/N expansion at NLO as N increases but our result becomes smaller as N decreases. Also, our result
has milder N -dependence than the previous result. Our motivation, however, is academic, i.e. to theoretically
explore possibility of improving the simple 1/N expansion, rather than to practically obtain more accurate
results. Therefore, we do not any more discuss how our result is better than the previous result.
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FIG. 2: Dynamic critical exponent z vs. N for d = 3. The solid curve is our result and the dashed curve is that of the
NLO 1/N expansion in the effective theory, model A, [7, 8], z = 2 + 4
3pi2
1
N
.
VI. SUMMARY AND DISCUSSION
In this paper we have studied the dynamic critical exponent from effective and microscopic theories. We
have employed a simple TDGL model, or model A in the classification of Ref. [4], as an effective theory
and the imaginary time formalism of the finite-temperature filed theory as a microscopic theory. Taking an
O(N) scalar model as an example and carrying out the 1/N expansion up to the NLO in the 1PI and 2PI
effective actions, we have compared the low-energy and low-momentum behavior of the response function in
the effective theory and of the retarded Green’s function in the microscopic theory.
The results are summarized in Table 1. On the one hand, at the NLO of the 1PI 1/N expansion the low-
energy and low-momentum behavior of the two-point function is very much different in the microscopic and
effective theories: in the field theory it is dominated by the propagating mode while in model A it is dominated
by the diffusive mode. Also, in the microscopic theory the dynamic critical exponent, z, depends on whether
the kinematics is relativistic or nonrelativistic. On the other hand, at the NLO of the 2PI 1/N expansion
the microscopic and effective theories are equivalent. They satisfy exactly the same Kadanoff-Baym equation.
Also, whether the kinematics is relativistic or nonrelativistic in the microscopic theory becomes irrelevant.
This implies that the diffusive mode with z = 2 + O(1/N) is dominant at low energies and momenta even
in the microscopic theory at the NLO of the 2PI 1/N expansion, though we have not explicitly solved the
Kadanoff-Baym equation.
TABLE I: Summary of static and dynamic critical exponents for d = 3 at the NLO of 1PI and 2PI 1/N expansion in
the effective and microscopic theories.
exponent
theory
1PI 2PI
effective theory
microscopic theory
effective theory
microscopic theory
nonrelativistic relativistic nonrelativistic relativistic
static critical exponent Ref. [32] Ref. [20]
η 8
3pi2
1
N
Fig. 1
dynamic critical exponent Ref. [7, 8] Ref. [9–12] present paper present paper
z 2 + 4
3pi2
1
N
2− 32
3pi2
1
N
1− 16
3pi2
1
N
Fig. 2 (approximate solution)
(diffusive) (propagating) (propagating) (diffusive)
We have also tried to improve the calculation of the dynamic critical exponent of model A by incorporating
the static 2PI NLO correlations. This calculation can be regarded as an approximation to the 2PI NLO
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calculation of the dynamic critical exponent not only in the effective theory but also in the microscopic
theory. By incorporating the static 2PI correlations into the two-point function we identify the logarithmic
term at low energies and momenta in the 1/N NLO self-energy, from which we determine the critical exponent,
z. The obtained critical exponent is slightly smaller than the previous result and its N dependence is also
milder than the previous one.
To explicitly solve the Kadanoff-Baym equation is our future problem.
One comment is in order here. In the microscopic O(N) scalar theory the energy and O(N) charges are
conserved. If these conserved quantities couple to the order parameter, the corresponding model in the
classification of Ref. [4] is different from model A. The effect of the coupling to the O(N) charges does not
show up at the NLO 1/N expansion so that we have to go to higher orders. The effect of the coupling to the
conserved energy also requires further studies. These are our future problems as well.
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Appendix A: Expressions for general bubble diagrams
Consider a general bubble diagram of A and B in the effective and microscopic theories, where A and B
can be either elementary or composite.
In the TDGL theory
ΠEAB(p, p0) =
∫
q,q0
{
GEA(p− q, p0 − q0)CEB (q, q0) + CEA (p− q, p0 − q0)GEB(q, q0)
}
=
∫
q,q0
{
GEA(p− q, p0 − q0)
2T
q0
ImGEB(q, q0) +
2T
p0 − q0 ImG
E
A(p− q, p0 − q0)GEB(q, q0)
}
.
In the imaginary-time formalism of the field theory at finite temperature
ΠMAB(p, iωn) = T
∑
m
∫
q
GMA (p− q, iωn − iωm)GMB (q, iωm)
= T
∑
m
∫
q
∫
dE′
pi
ImGMA (p− q, E′)
E′ − iωn + iωm
∫
dE
pi
ImGMB (q, E)
E − iωm
= T
∑
m
∫
q
∫
dE′
pi
dE
pi
ImGMA (p− q, E′)ImGMB (q, E)
(
1
E′ − iωn + iωm +
1
E − iωm
)
1
E + E′ − iωn
=
∫
q
∫
dE′
pi
dE
pi
ImGMA (p− q, E′)ImGMB (q, E)
(−fM (−E′) + fM (E)) 1
E + E′ − iωn
=
∫
q
∫
dE
pi
GMA (p− q, iωn − E)fM (E)ImGMB (q, E)
−
∫
q
∫
dE′
pi
fM (−E′)ImGMA (p− q, E′)GMB (q, iωn − E′),
where fM (E) = [exp(E/T ) − 1]−1. In this equation GMA and GMB are analytically continued to the complex
energy plane and should be understood as retarded Green’s functions in ImGMA and ImG
M
B . Letting iωn →
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p0 + i, we obtain
ΠMAB(p, p0) =
∫
q
∫
dE
pi
GMA (p− q, p0 − E)fM (E)ImGMB (q, E)
−
∫
q
∫
dE′
pi
fM (−E′)ImGMA (p− q, E′)GMB (q, p0 − E′)
=
∫
q,q0
{
GMA (p− q, p0 − q0)2fM (q0)ImGMB (q, q0)
−2fM (q0 − p0)ImGMA (p− q, p0 − q0)GMB (q, q0)
}
.
Again, the Green’s functions should be understood as the retarded ones in this and later equations.
Appendix B: Separation of the static and dynamic parts of the bubble diagram
Consider a general bubble diagram ΠAB(p, p0) of A and B.
ΠAB(p, p0) =
∫
q,q0
{
2T
p0 − q0 ImGA(p− q, p0 − q0)GB(q, q0) +GA(p− q, p0 − q0)
2T
q0
ImGB(q, q0)
}
. (B1)
We show that ΠAB(p, p0) can be decomposed into the static part ΠAB(p, 0) and the dynamic part ∆ΠAB(p, p0)
as follows:
ΠAB(p, p0) = ΠAB(p, 0) + ∆ΠAB(p, p0)
= T
∫
q
GA(p− q, 0)GB(q, 0)
− 2Tp0
∫
q,q0
ImGA(p− q, p0 − q0) 1
q0(p0 − q0) {GB(q, 0)−GB(q, q0)} .
By repeatedly using the spectral representation of GA(p, p0) and GB(p, p0):
GA(p, p0) =
1
pi
∫
dq0
ImGA(p, q0)
q0 − p0 − i ,
GB(p, p0) =
1
pi
∫
dq0
ImGB(p, q0)
q0 − p0 − i ,
we can rewrite the second term of Eq. (B1) as follows,∫
q,q0
GA(p− q, p0 − q0)2T
q0
ImGB(q, q0)
=2T
∫
q,q0
1
pi
∫
dq′0
ImGA(p− q, q′0)
q′0 − p0 + q0 − i
1
q0
ImGB(q, q0)
=2T
∫
q,q0
1
pi
∫
dq′0ImGA(p− q, q′0)
1
q′0 − p0
(
1
q0
− 1
q′0 − p0 + q0 − i
)
ImGB(q, q0)
=2T
∫
q,q′0
ImGA(p− q, q′0)
1
q′0 − p0
{GB(q, 0)−GB(q, p0 − q′0)}
=2T
∫
q,q′0
ImGA(p− q, q′0)
{
1
q′0
GB(q, 0) +
(
1
q′0 − p0
− 1
q′0
)
GB(q, 0)− 1
q′0 − p0
GB(q, p0 − q′0)
}
=T
∫
q
GA(p− q, 0)GB(q, 0)
+2T
∫
q,q0
ImGA(p− q, p0 − q0)
{
−
(
1
q0
+
1
p0 − q0
)
GB(q, 0) +
1
q0
GB(q, q0)
}
.
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By combining with the first term we obtain the relation
ΠAB(p, p0) = T
∫
q
GA(p− q, 0)GB(q, 0)
− 2Tp0
∫
q,q0
ImGA(p− q, p0 − q0) 1
q0(p0 − q0) {GB(q, 0)−GB(q, q0)} .
Appendix C: Calculation of ∆ΣMNLO at the NLO of the 1PI 1/N expansion
Consider the dynamic part of the self-energy at the NLO of the 1PI 1/N expansion in the microscopic
theory, Ref. [13, 14],
∆ΣMNLO(p, p0) =
2uT
3N
p0
∫
q,q0
ImGM0 (p− q, p0 − q0)
1
q0(p0 − q0)
{
DM0 (q, 0)−DM0 (q, q0)
}
, (C1)
where DM0 (q, q0) is given by Eq. (10).
If |q0|, |q|  T ,
ΠM0 (q, q0) =
T
8|q|
{
θ(|q|2 − q20) + i
1
pi
log
∣∣∣∣q0 + |q|q0 − |q|
∣∣∣∣} . (C2)
Substituting
ImGM0 (p, p0) =
pi
2|p| (δ(p0 − |p|)− δ(p0 + |p|))
into Eq. (C1) leads to
∆ΣMNLO(p, p0) =
4uT
3N
p20
∫
q
1
4|p− q|2
1
p20 − |p− q|2
DM0 (q, 0)
− 2uT
3N
p0
∫
q
1
4|p− q|2
{
1
p0 − |p− q|D
M
0 (q, p0 − |p− q|) +
1
p0 + |p− q|D
M
0 (q, p0 + |p− q|)
}
.
(C3)
We first examine the logarithmic contribution in ∆ΣMNLO. Consider the term including D
M
0 (q, 0) in Eq. (C3).
If |p0|, |p|  T , the integral is dominated by low |q|. At low |q|, ΠM0 (q, 0) diverges as 1/|q| and one can neglect
1 in the denominator of DM0 (q, 0) in Eq. (10). Then,
4uT
3N
p20
∫
q
1
4|p− q|2
1
p20 − |p− q|2
DM0 (q, 0) =
8T
N
p20
∫
q
1
4|p− q|2
1
p20 − |p− q|2
ΠM0 (q, 0)
−1
=
8T
N
p20
∫
q
1
4|p− q|2
1
p20 − |p− q|2
8|q|
T
,
which becomes, if |p|  |p0|,
=
8T
N
p20
∫
q
1
4q2
1
p20 − q2
8|q|
T
=
8
pi2
1
N
p20 log p0,
and if |p0|  |p|,
= −8T
N
p20
∫
q
1
4|p− q|4
8|q|
T
=
8
pi2
1
N
p20 log |p|.
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The terms including DM0 (q, p0 − |p − q|) or DM0 (q, p0 + |p − q|) generate no logarithmic contribution: In
DM0 (q, p0 − |p− q|) or DM0 (q, p0 + |p− q|), 1/|q| behavior in DM0 (q, 0) at low |q| is cut off as can be seen in
Eq. (C3). Therefore, the logarithmic term of ∆ΣMNLO is given as
∆ΣMNLO(p, p0) =

8
pi2
1
N
p20 log p0 (|p|  |p0|)
8
pi2
1
N
p20 log |p| (|p0|  |p|)
,
which is real.
Having observed no logarithmic contribution in the imaginary part of ∆ΣMNLO, we determine the dominant
contribution of Im∆ΣMNLO at low |p0| and |p|. The term including DM0 (q, 0) does not contribute and
Im∆ΣMNLO(p, p0) = −
2uT
3N
p0
∫
q
1
4|p− q|2
{
1
p0 − |p− q| ImD
M
0 (q, p0 − |p− q|)
}
+
1
p0 + |p− q| ImD
M
0 (q, p0 + |p− q|)
}
.
The imaginary part of ΠM0 (q, q0) is logarithmically divergent when one approaches the light-cone, q0±|q| → 0.
Therefore, in order to determine the dominant contribution of Im∆ΣMNLO at low |p0| and |p|, one can replace
as follows,
ImΠM0 (q, p0 ∓ |p− q|) =
T
8pi|q| log
∣∣∣∣p0 ∓ |p− q|+ |q|p0 ∓ |p− q| − |q|
∣∣∣∣
=

± T
8pi|q| log |p0| (|p|  |p0|)
± T
8pi|q| log |p| (|p0|  |p|)
,
and
ImDM0 (q, p0 ∓ |p− q|) =

± 6
u
8pi|q|
T
1
log |p0| (|p|  |p0|)
± 6
u
8pi|q|
T
1
log |p| (|p0|  |p|)
.
Substituting the above into Eq. (C3), we obtain if |p|  |p0|,
Im∆ΣMNLO(p, p0) = −
2uT
3N
p0
∫
q
1
4q2
{
1
p0 − |q| ImD
M
0 (q, p0 − |q|) +
1
p0 + |q| ImD
M
0 (q, p0 + |q|)
}
= −16pi
N
p0
1
log |p0|
∫
q
1
p20 − q2
= −16pi
N
p0|p0| 1
log |p0|
∫
qˆ
1
1− qˆ2 ,
and if |p0|  |p|,
Im∆ΣMNLO(p, p0) = −
2uT
3N
p0
∫
q
1
4|p− q|3
{−ImDM0 (q,−|p− q|) + ImDM0 (q, |p− q|)}
= −16pi
N
p0
1
log |p|
∫
q
|q|
|p− q|3
= −16pi
N
p0|p| 1
log |p|
∫
qˆ
|qˆ|
|1ˆ− qˆ|3 ,
18
where 1ˆ = p/|p| and qˆ = q/|p|.
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